We show that every closed, virtually fibered hyperbolic 3-manifold contains immersed, essential, quasi-Fuchsian surfaces with convex cores of arbitrarily large thickness.
Introduction
Let M = H 3 /Γ be a finite-volume, hyperbolic 3-manifold. By work of Marden, Thurston, and Bonahon, every surface subgroup G ⊂ Γ is either the group of a virtual fiber, or else it is quasi-Fuchsian. In the latter case, information about the geometric complexity of the group can have topological consequences. For example, π 1 -injective immersions of surfaces can often be cut-and-pasted, or tubed around a boundary torus, to form new π 1 -injective immersions. These procedures are often easier to carry out when the surface groups in question are "close" to Fuchsian groups (see [2] , [6] , [8] ).
Thus, for a fixed hyperbolic manifold M = H 3 /Γ, it is of interest to understand the geometric complexity of its quasi-Fuchsian surface groups. In this paper, we show that if M is closed and virtually fibered, then there is a sequence of quasi-Fuchsian surface subgroups in Γ of unbounded geometric complexity. To make a precise statement, we require some definitions.
A 3-manifold is virtually fibered if it has a finite cover which fibers over S 1 . We let H n denote hyperbolic n-space, and we denote the hyperbolic metric by d H n , or just d when the meaning is clear from context. The boundary at infinity of H n is denoted S n−1 ∞ . For the remainder of the paper M = H 3 /Γ will represent a closed, virtually fibered, hyperbolic 3-manifold. In this setting, it will be convenient to define a surface group to be the fundamental group of a closed, orientable surface of positive genus. A Kleinian surface group G is said to be quasi-Fuchsian if it is geometrically finite, and contains no non-trivial parabolic elements. If S is a closed, orientable surface of positive genus, we say that an immersion f : S → M is quasi-Fuchsian if it is π 1 -injective, and f * π 1 S is a quasi-Fuchsian subgroup of Γ.
Let G ⊂ P SL 2 (C) be a quasi-Fuchsian surface group, let Λ(G) denote the limit set of G, let Hull(Λ(G)) denote the convex hull of Λ(G), and let Core(G) = Hull(Λ(G))/G be the convex core of G. If G is not Fuchsian, then ∂Core(G) has two components, ∂ ± Core(G), and the thickness of Core(G), denoted t(G), is the distance between them in the hyperbolic metric; i.e t(G) = inf{d(x, y) : x ∈ ∂ + Core(G), y ∈ ∂ − Core(G)}.
It is also natural to define t(G) = 0 if G is Fuchsian, and t(G) = ∞ if G is geometrically infinite. Theorem 1.1. If M = H 3 /Γ is a closed hyperbolic 3-manifold which virtually fibers over the circle, then Γ contains a sequence of quasi-Fuchsian surface subgroups G i , such that t(G i ) → ∞.
Remarks:
1. It was proved in [3] that every such Γ contains a quasi-Fuchsian surface subgroup. [6] , examples were constructed of co-compact Kleinian groups Γ, for which the number of maximal, genus g, surface subgroups grows factorially with g. However, the thicknesses of these subgroups remain bounded.
In
3. We do not know if the converse is true.
Outline of proof
We shall construct an explicit sequence of immersions into M, based on the "cut and cross-join" construction of Cooper, Long and Reid. Lemma 3.2 gives a simple criterion for showing that certain immersions of this type are quasi-Fuchsian; ours is essentially just a coarsening of a criterion given in [3] . Lemma 4.6 then gives a simple criterion for showing that a sequence of such immersions is thick, in the sense of Theorem 1.1. In the final section, we construct a sequence satisfying both criteria simultaneously. The main tool required here is the LERF property for surface groups.
General facts about hyperbolic geometry
For the proof of Theorem 1.1, we shall require some elementary facts about convex hulls-see [4] for more background. Suppose we are given a sequence of quasi-Fuchsian surface groups G i with limit sets Λ i , convex hulls Hull i , and convex cores Core i = Hull i /G i . For each i we may fix a homotopy equivalence g i : S i → Core i , where S i is a closed surface, and a liftg i :
For each x ∈ H n , we let S x be the unit sphere in T x (H n ), with standard round metric d round , and we define a map π x : S x → S n−1 ∞ by setting π x (v) to be the endpoint (at infinity) of the infinite geodesic ray, based at x, with tangent vector v. Then, for any p, q ∈ S n−1 ∞ , we define d x (p, q) = d round (π −1 x p, π −1 x q); the metric d x is called the visual metric on S n−1 ∞ , based at x. If (X, d) is any metric space, and Y ⊂ X, we let N r (Y, d) denote the r-neighborhood of Y , with respect to the metric d.
We let H n = H n ∪ S n−1 ∞ . If X ⊂ H n is any set, we let X denote its closure in H n , and let X ∞ = X ∩ S n−1 ∞ . Note that, if τ is an isometry of H n , and τ is the extension of τ to H n , then for any
∞ , we let xy denote the geodesic ray from x to y. The following fact will be useful:
Proof. Let T (resp. T ′ ) be a triangle with vertices x, y and z, (resp. x ′ , y, z), and let θ (resp. θ ′ ) be the angle at x (resp. x ′ ). Thus d x (y, z) = θ, and d x ′ (y, z) = θ ′ . Let P be the hyperbolic plane spanning T , and let π : H 3 → P be the nearest-point projection.
Proof of claim: The triangle with vertices x, x ′ and πx ′ has a right angle at πx ′ . The hypotenuse is longer than either leg, and so d(x, x ′ ) ≥ d(x, πx ′ ).
Let P y and P z be geodesic planes perpendicular to P , and containing the rays x ′ y and x ′ z, respectively. Then d x ′ (y, z) is equal to the angle made between x ′ y and x ′ z, which is less than or equal to the angle between P y and P z , which is equal to d πx ′ (y, z). This proves the claim.
By the claim, we may assume that T and T ′ are co-planar. See Fig. 1 . Let R > 0, let B = N r 0 +R (x), and let B ′ = N R (x ′ ). Let A ′ be a spherical geodesic on ∂B ′ , connecting the two points of ∂B ′ ∩ T ′ , and let A be the projection of A ′ onto ∂B. When written in polar coordinates centered at x, the hyperbolic metric in the plane of T and T ′ takes the form (ds) 2 = (sinh(r)dφ) 2 + (dr) 2 , where r represents the distance to x. We may parameterize the curve A ′ as (φ(t), r(t)), where t ∈ [0, 1], (φ(1/2), r(1/2)) = A ∩ A ′ , φ(t) is monotone, and r(t) is monotone One sees that
Also, using polar coordinates based at x ′ , one sees that Length(A ′ ) = sinh(R)θ ′ , and we have:
for every R > 0. It follows that
The following function will be used in the proof of Lemma 2.3, and throughout the paper:
For any θ ∈ (0, π), we let T (θ) be the congruence class of a triangle in H 2 with two ideal vertices, and one non-ideal vertex of angle θ. We let ρ(θ) be the distance from the non-ideal vertex of T (θ) to its opposite edge. Lemma 2.3. Suppose there is a sequence of numbers ǫ i → 0, such that, for every i and every x ∈g iSi , we have
Proof. We may assume that ǫ i < π/2, so Λ i is not a round circle and G i is not Fuchsian. Since g i is a homotopy equivalence, then g i (S i ) separates the two boundary components of Core i , and sog iSi separates the two boundary components of Hull i . Thus
x H ∞ has radius less than ǫ i in the round metric on S x . It then follows that the hyperbolic distance from x to H is at least ρ(ǫ i ), (see def 2.2) and therefore
for all x ∈g iSi . Therefore
Then, since ρ(x) → ∞ as x → 0, we are done.
We shall require the following technical variation on Lemma 2.3.
Proof. Suppose we are given such a sequence, and let x ∈g i S i and y ∈ S 2 ∞ . Then there exists γ ∈ G i and
We have:
So, letting ǫ ′ i = e R ǫ i , we obtain a sequence satisfying the conditions of Lemma 2.3, and so t(G i ) → ∞.
We shall also require the existence of the Cannon-Thurston map. Let M be a hyperbolic 3-manifold fibering over S 1 , with fiber F , let I : F → M be the inclusion map, and letĨ : H 2 → H 3 be a lift of I.
Theorem 2.5. (Cannon-Thurston) The mapĨ extends continuously to a surjection
This was proved in [1] . A published proof may be found in the appendix of [3] . If γ ∈ π 1 F , then there are corresponding actions τ γ , of γ on H 2 , and I * γ, of γ on H 3 . One may check that the following diagram commutes:
Immersions in bundles: Quasi-Fuchsian criterion
In [3] , Cooper, Long and Reid constructed a class of essential immersions, called "cut-and-cross-join surfaces" into arbitrary hyperbolic surface bundles. They also gave checkable criteria for determining whether such an immersion is geometrically finite or geometrically infinite. In this section, we review their construction and their criterion for geometric finiteness, and then give a (presumably) coarser criterion, which will be easier to verify for our examples.
Suppose M = H 3 /Γ is a hyperbolic 3-manifold, which fibers over the circle with fiber F , and pseudo-Anosov monodromy f : F → F . Representing M as the mapping torus F × [0, 1]/(x, 1) = (f x, 0), the suspension flow on M has flow lines of the form
Let α ⊂ F be a simple, non-separating closed curve. Suppose π : F → F is a finite cover of F , containing 1-1 lifts α and f α of α and f α, respectively, such that
. Let g : F 0 → F be the restriction of π; let A ± be a pair of annuli, and let g : A ± → M be a map transverse to the suspension flow, such that g|∂A ± is a homeomorphism onto α ± ∪ f α ∓ . We glue the annuli to F 0 by identifying ∂A ± with α ± ∪ f α ∓ , to get a surface S with the same genus as F . The maps g which we have defined piece together to give a map g : S → M which is transverse to the suspension flow, and therefore π 1 -injective, by [3] or [6] or [5] . Note that S is connected if and only if α ∪ f α is non-separating. In the event that S is disconnected, we replace S with one of its connected components. We will use the notation S = S( α, f α) for a surface S constructed in this manner; the corresponding immersion is denoted g :
There is a useful criterion for showing that immersions of this type are quasi-Fuchsian. We represent the universal cover of M as M = H 2 × R, where H 2 is the universal cover of F . Let S be the universal cover of S, and letg : S → M be a lift of g. Let φ : M → H 2 be the map which identifies flow lines to points. Define A(S) to be the closure of φ(g( S)) in H 2 . Then A(S) is a convex subset of H 2 ([3] Proposition 3.9). We also have ([3] Thm 3.14):
It will be useful to have a more explicit picture of A(S). To that end, we let
, let S 0 ⊂ S be a connected component of the pre-image of S 0 , and let A 0 = φ(g( S 0 )). Assume that A i has been constructed, and that each of the (countably many) components of F rontier(A i ) is a lift of f n α for some n. Let {β ij : j = 1, 2, ...} be the set of boundary components of A i . For each β ij , there is a map τ ij : H 2 → H 2 , lifting a power of f , such that τ ij A i ∩ A i = β ij , which is well-defined up to a covering translation which leaves
We then have A i defined recursively for all i ≥ 0. Let A(S) be the closure of i A i . It can be checked that this agrees with the previous definition. Proof. Letp ∈ H 2 be a fixed point for τ ij (see Figure 2 ). We have, by assumption, Figure 2 . The existence of a fixed point implies that the surface group is quasi-Fuchsian.
, and thenp is a fixed point for τ (i+1)ℓ . Repeating our prior argument, we conclude thatp ∈ A i+1 . An inductive argument shows thatp ∈ A j for all j, and so intA(S) = H 2 . Since intA(S) is convex, we conclude that A(S) = H 2 . Therefore, by Theorem 3.1, the immersion g : S → M is quasi-Fuchsian.
Immersions in bundles: thickness criterion
Our first goal is to control the visual distortion of the Cannon-Thurston map, which was introduced in Section 2. We fix a point x ∈ H 2 , and consider the restriction
as a map of metric spaces. By compactness, I is uniformly continuous, so there is a function σ x : (0, 1] → (0, 1] such that, given δ ∈ (0, 1], and
Then, given any γ ∈ π 1 F , any δ ∈ (0, 1], and any y,
Proof. Given δ ∈ (0, 1], γ ∈ π 1 F , and y, z ∈ S 1 ∞ such that d τγ x (y, z) < σ x (δ). We have:
, by the commutative diagram from Section 2.
We also have d x (τ −1 γ y, τ −1 γ z) = d τγ x (y, z) < σ x (δ), and so d Ix (Iτ −1 γ y, Iτ −1 γ z) < δ. This proves the lemma.
Since F is compact, then we may fix a compact fundamental domain D for F in H 2 , and by Lemma 4.1, we may assume that, for all x ∈ D and all γ ∈ π 1 F , we have σ τγ x = σ x . Then we define a function σ : (0, 1] → (0, 1] by the rule: σ(δ) = Min{σ x (δ) : x ∈ D}, and we see that if x ∈ H 2 , y, z ∈ S 1 ∞ , and d x (y, z) < σ(δ), then d Ix (Iy, Iz) < δ. It follows from the definition that σ(δ) → 0 as δ → 0.
Proof. Let y ∈ S 2 ∞ , and let z ∈ I −1 y. Then d x (X, z) < ǫ ≤ σ(δ), and so d Ix (IX, y) = d Ix (IX, Iz) < δ. Now, let g : S → M be an immersion which is transverse to the suspension flow, and let A 0 (S) ⊂ A(S) ⊂ H 2 be as given in Section 3. Let G = g * π 1 S. Our next goal is to relate the limit set of G to the limit set of A(S).
The map φ (defined in Section 3) induces a homeomorphism between the universal cover of S and the convex set int A(S) ⊂ H 2 . Thus, every element of π 1 S acts on int A(S), and int A(S)/π 1 S ∼ = S. See [3] for more details. For γ ∈ π 1 S, let τ γ : A(S) → A(S) be the corresponding action. Note that, if g * γ = I * γ ′ , for some γ ′ ∈ π 1 F , then τ γ = τ γ ′ | A(S) . Lemma 4.3. Fix x 0 ∈ A 0 (S). For every point y ∈ A(S) ∞ , there is a sequence of elements γ i ∈ π 1 S, such that g * γ i ⊂ I * π 1 F , and τ γ i x 0 → y.
Proof. Let y ∈ A(S) ∞ . The set A(S) may be decomposed as a union of connected sets B j , where B j = τ δ j A 0 (S), and δ j ∈ π 1 S. Then A(S) ∞ = (B j ) ∞ , and so y ∈ (B j ) ∞ for some j. Let z = τ δ j −1 y ∈ A 0 (S) ∞ . It follows from the definition of
Let G = g * (π 1 S). Then we have: Proof. Fix x 0 ∈ int A(S). Then by Lemma 4.3, for every y ∈ A(S) ∞ , there is a sequence {γ i } ⊂ π 1 S such that g * γ i ∈ I * π 1 F and τ γ i (x 0 ) → y in H 2 . Let z 0 = Ix 0 ∈ H 3 , and then by the commutative diagram in Section 2, we have
Therefore, Iy ∈ Λ(G).
An observer inside A(S) who is very far from F rontier A(S) will perceive A(S) ∞ to occupy a very dense subset of his field of vision. Our next goal is to quantify this statement. For every x ∈ H 2 and Y ⊂ S 1 ∞ , define the "visual sparsity of Y with respect to x" to be:
For a subset X ⊂ H 2 , we define the "visual sparsity of Y with respect to X" to be:
We have the following lemma: Thus, if the distance from the frontier is large, then the visual sparsity of A(S) ∞ is small. We shall need another definition in the proof. If (Y, d) is a metric space, and Z ⊂ Y , then Diam(Z, d) denotes the diameter of Z, with respect to the metric d.
Proof. We shall assume that there is a component, β, of the frontier of A(S) which is closest to X, and a point x ∈ X which is closest to β; the proof in the general case follows from a continuity argument.
Let x ∈ X be the point closest to β. Form a triangle by adding geodesic rays from x to the endpoints of β, and let θ 0 be the angle of this triangle at x. Let I β be the interval in S 1 ∞ − A(S) ∞ subtended by β, and note that Diam(I β , d x ) = θ 0 . We have: We are now in a position to prove the "thickness criterion". Suppose that g i : S i → M is a sequence of quasi-Fuchsian, cut-and-cross-join immersions, as defined in Section 3, and let G i = g i * π 1 S i . Let A 0 (S i ) ⊂ A(S i ) ⊂ H 2 be as defined in Section 3.
Proof. For each i, we have an associated finite cover F i of F , with a pair of distinguished curvesα i and f α i , and a distinguished regular neighborhood
After a homotopy, we may assume that the maps g i | S i,2 all agree; i.e. for any i, j there is a homeomorphism h ij :
Let S i be the universal cover of S i , which we may identify with int A(S i ), and let g i : S i → H 3 be a lift of g i . Let S i,1 be the full pre-image of S i,1 in S i . Since the maps g i | S i,2 all agree, it follows that there is a number R such that N R (g i ( S i,1 )) ⊃g i S i for every i.
Let D i be the set of points in A 0 (S i ) which project to S i,1 . Note that G i (g i D i ) ⊃ g i S i,1 and so N R (G i (g i D i )) ⊃g i S i . Therefore, by Lemma 2.4, it is enough to prove the following:
Proof of Claim: Let x ∈ A 0 (S i ), let r i = d(A 0 (S i ), F rontier A(S i )), and let θ i = θ(A(S i ) ∞ , A 0 (S i )). By the definition of θ i , we have N θ i (A(S i ) ∞ , d x ) = S 1 ∞ . By Lemma 4.5, ρ(2θ i ) = r i . Since r i → ∞, then, by the definition of ρ, we see that θ i → 0. Recall the function σ defined earlier in this section, and define δ i = inf{σ −1 [θ i , 1]}. Since σ(x) → 0 as x → 0, then δ i → 0.
By Lemma 4.4, Λ i ⊃ IA(S i ) ∞ , and so N δ i (Λ i , dg i x ) = S 2 ∞ . This proves the claim and hence the lemma.
Proof of Theorem 1.1
We now return to the situation of Theorem 1.1. After passing to a finite cover, we have a fixed hyperbolic 3-manifold M, fibering over S 1 , with pseudo-Anosov monodromy f : F → F . Since f is pseudo-Anosov, it has periodic points in F , and thus, after passing to a further cyclic cover of M, we may replace f with a power, and assume that f has a fixed point p. We fix a lift f of f to H 2 with a fixed point p, let π : H 2 → F be the universal covering map, and let R be a geodesic ray with an endpoint at p, which is an "attracting axis" forf -i.e.fR = R, andf shrinks distances on R by a factor of 1/λ, where λ is the dilatation of f . Lemma 5.1. Let q i be a sequence of points on R such that d(q i , p) → ∞, and let j, k be distinct integers.
Proof. The map f acts on R by the formula d( fx, p) = λ −1 d(x, p) . The lemma follows.
Lemma 5.2. Let α be any simple closed geodesic in F . Then the angles of intersection between πR and α are bounded below by some angle θ > 0.
Proof. Note that there is a well-defined intersection angle at each point of α ∩ πR, since α and πR are simple geodesics. Suppose there is no lower bound on these angles. Then there is an infinite sequence of points q i ∈ πR ∩ α, with angles of intersection tending to 0. Let q be an accumulation point of this sequence.
Let Λ ⊂ F be the invariant geodesic lamination for f . Then the accumulation points of πR are all contained in Λ, so Λ ∪ πR is a closed subset of F . Therefore q ∈ α ∩ (Λ ∪ πR), and by continuity, the angle of intersection between α and (Λ ∪ πR) must be zero at q. Therefore α coincides with either a leaf of Λ or else with πR. However these are both impossible, since πR is not closed, and Λ contains no closed leaves.
Lemma 5.3. Every primitive class in H 1 (F, Z) has a geodesic representative whose intersection with πR is infinite.
Proof. For every primitive class there is a pair of simple, closed, geodesic representatives, α 1 , α 2 , intersecting transversely, so that the complement of their union is a collection of open disks, whose diameter is bounded by some constant D. Since πR is a geodesic ray, every sub-segment of πR of length greater than D must intersect one of the two representatives. Since πR is an infinite ray, then we conclude that πR ∩ (α 1 ∪ α 2 ) is infinite. Therefore either πR ∩ α 1 or πR ∩ α 2 is infinite. By Lemma 5.3, we may assume that α ∩ πR is infinite.
Lemma 5.4. There is an infinite sequence of points p(i) ⊂ R, such that πp(i) ∈ α for all i, and d(p, p(i)) → ∞.
Proof. By assumption, there is an infinite sequence of points {p(i)} ⊂ R which project to α. Since the intersection of any finite sub-ray of the geodesic πR with the geodesic α is finite, we may pass to a subsequence of {p(i)}, and assume that d(p(i),p) → ∞.
The free homotopy class of f j α corresponds to a certain conjugacy class in π 1 F ; we shall now specify a representative in π 1 F for each such class. Let α be a fixed lift of α to H 2 which intersects R, and fix the basepoint for π 1 F at p. There is a unique oriented arc A + j from p to f j α along the geodesic ray R, and πA j is an arc from p to f j α; let γ j ∈ Γ be represented by the loop A + j * f j α * A − j . If γ ∈ Isom + (H 2 ) is a hyperbolic isometry, let Ax(γ) denote the axis of γ. Let s 0 = d( α,p).
Lemma 5.5. Given any number J > 0, there is a number L > 0, such that, if s 0 > L, then d(Ax(γ j ), Ax(γ k )) > J for all distinct j, k ∈ {−1, .., 2}.
Proof. We first define some useful constants. By construction, for every integer i, there is a number K i such that f i α is contained in the K i -neighborhood of Ax(γ i ). Let K = Max{K −1 , ..., K 2 }. Also, since πAx(γ i ) is freely homotopic to the simple closed curve f i α, then πAx(γ i ) is itself simple, and therefore, by Lemma 5.2, the angle of intersection made by R with Ax(γ i ) is greater than some constant θ i , independent of the original choice of α, and we let θ = Min{θ −1 , ..., θ 2 }.
Let p i = Ax(γ i )∩R. Note that p 0 = Ax(γ 0 )∩R =α∩R. Since N K (Ax(γ i )) ⊃ f i α, then d( f i p 0 , Ax(γ i )) ≤ d( f iα , Ax(γ i )) ≤ K. Therefore, by the hyperbolic law of sines, we have
where K ′ = arcsinh(sinh(K)/sin(θ)). So, for distinct integers j, k ∈ {−1, .., 2} we have:
Since d(p j , p k ) → ∞, and since the angles of intersection of R with Ax(γ j ) and Ax(γ k ) are bounded below by θ, we conclude that d(Ax(γ j ), Ax(γ k )) → ∞, as s 0 → ∞.
Let F * = H 2 / < γ −1 , γ 0 , γ 1 , γ 2 >, and let ν : H 2 → F * be the universal cover. Let α * j = νAx(γ j ). If B = β 1 ∪ ... ∪ β n is the union of a collection of disjoint, simple, closed geodesics in a surface S, we define the tube radius of B to be the supremum of all numbers r such that N r (B) consists of n disjoint, properly embedded annuli in S. We denote this quantity by tuberad(B).
Lemma 5.6. Given any number J > 0, there is a number L > 0 such that, if s 0 > L, then α * −1 , ..., α * 2 is a collection of disjoint, simple closed geodesics, and tuberad(α * −1 ∪ ... ∪ α * 2 ) > J.
Proof. Let Arc i ⊂ Ax(γ i ) be a fundamental domain for the action of γ i on Ax(γ i ). It suffices to prove that, if s 0 is large enough, then for any i, j ∈ {−1, ..., 2} and any γ ∈< γ −1 , ..., γ 2 >, either d(Arc i , γAx(γ j )) > J, or else i = j and γ ∈< γ i >.
Then let R ± i be a pair of geodesics orthogonal to Ax(γ i ), equidistant from Ax
i . See Figure 5 . By increasing s 0 and applying Lemma 5.5, we may assume that d(Ax(γ i ), Ax(γ j )) is large enough so that (
.., 2}. Then we have:
Similarly, by increasing s 0 , we may also assume that: a. for any i, j ∈ {−1, ..., 2}, any k = j, and any non-zero integer n, if β is a geodesic with endpoints in γ n k (U + j ∪ U − j ), then d(Arc i , β) > J. b. d(Ax(γ i ), Ax(γ j )) > J for all distinct i, j ∈ {−1, ..., 2}.
Let γ ∈< γ −1 , ..., γ 2 >, and let i, j ∈ {−1, ..., 2}. Putting γ in normal form, we have γ = γ t 1 s 1 ...γ t k s k , where each consecutive pair of subscripts is distinct. We must consider several cases.
If k = 1, and s 1 = j: Then γ = γ t 1 s 1 , and since γAx(γ j ) = γ t 1 s 1 Ax(γ j ) has endpoints in γ t 1 s 1 (U + j ∪ U − j ), we have d(Arc i , γAx(γ j )) > J, by assumption a.
If k = 1, s 1 = j and i = j:
Then d(Arc i , γAx(γ j )) = d(Arc i , Ax(γ j )) > J, by assumption b.
If k > 1: The endpoints of γAx(γ j ) are both contained in γ t 1 s 1 (U + s 2 ∪ U − s 2 ). Since s 1 = s 2 , we may apply assumption a, to conclude that d(Arc i , γAx(γ j )) > J.
Thus we have shown that d(Arc i , γAx(γ j )) > J, unless k = 1, and s 1 = i = j. Equivalently, d(Arc i , γAx(γ j )) > J, unless i = j, and γ ∈< γ i >, which is what we had to show.
Lemma 5.7. The cover F * → F factors through a finite cover F → F , as in the following diagram:
such that i. ψα * −1 , ..., ψα * 2 are embedded and pair-wise disjoint, and ii. tuberad(α * −1 ∪ ... ∪ α * 2 ) = tuberad(ψα * −1 ∪ ... ∪ ψα * 2 ).
Proof. Let r = tuberad(α * −1 ∪ ... ∪ α * 2 ). Using notation from the proof of Lemma 5.6, let X j,k = {γ ∈ π 1 F − π 1 F * |N r (Arc k ) ∩ γN r (Ax(γ j )) = ∅}.
By discreteness, X j,k is finite. Let X = j,k∈{−1,...,2} X j,k . Since π 1 F is LERF (by [7] ), there is a finite-index subgroup of π 1 F which contains π 1 F * , but is disjoint from X. The corresponding finite cover F → F satisfies the hypotheses of the lemma. Now let s i be a sequence of numbers approaching ∞. By Lemmas 5.4 and 5.6, for every i, there is a choice of α such that tuberad(α * −1 ∪ ... ∪ α * 2 ) > s i . By Lemma 5.7, the corresponding cover cover F * i factors through a finite cover F i → F , with induced covering map ψ : F * i → F i , such that tuberad(ψα * −1 ∪ ... ∪ ψα * 2 ) > s i . Let f j α ∈ F i be the unique lift of f j α in the free homotopy class of the geodesic ψα * j . Then, using the notation of Section 3, we let S i = S( α, f α), and let g i : S i → M be the corresponding immersion.
Lemma 5.8. The immersion g i : S i → M is quasi-Fuchsian.
